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ABSTRACT

A conventional amplitude variation with offset (AVO) inver-
sion is based on geometrical seismics which exploit plane-wave
reflection coefficients to describe the reflection phenomenon.

Widely exploited linearizations of plane-wave coefficients are
mostly valid at pre-critical offsets for media with almost flat
and weak-contrast interfaces. Existing linearizations do not ac-
count for the seismic frequency range by ignoring the frequency
content of the wavelet, which is a strong assumption. Plane-

wave reflection coefficients do not fully describe the reflection
of seismic waves at near-critical and post-critical offsets, be-
cause reflected seismic waves are typically generated by point
sources. We propose an improved approach to AVO inversion,
which is based on effective reflection coefficients (ERCs). ERCs
generalize plane-wave coefficients for seismic waves generated

by point sources and therefore more accurately describe near-

critical and post-critical reflections where head waves are gen-
erated. Moreover, they are frequency-dependent and incorporate
the local curvatures of the wavefront and the reflecting interface.

In our study, we neglect the effect of interface curvature and
demonstrate the advantages of our approach on synthetic data
for a simple model with a plane interface separating two isotro-
pic half-spaces. A comparison of the inversion results obtained
with our approach and the results from an AVO inversion
method based on the exact plane-wave reflection coefficient

suggests that our method is superior, in particular for long-offset

ranges which extend to and beyond the critical angle. We thus
propose that long offsets can be successfully exploited in an
AVO inversion under the correct assumption about the reflection
coefficient. Such long-offset AVO inversion shows the potential

of outperforming a conventional moderate-offset AVO inversion
in the accuracy of estimated model parameters.

INTRODUCTION

Amplitude variation with offset (AVO) inversion converts the

measured amplitude of a reflected event into physical medium

parameters. The ultimate goal of a deterministic AVO inversion

is to estimate the medium parameters through minimization of the

misfit between the AVO data extracted from the target reflection and

its theoretical description. A successful AVO inversion captures

most of the phenomena contained in the observed wavefield.

A reflected event at the receiver can generally be described by

the product of a propagation operator through the overburden

and a reflectivity function at the target interface. The propagation

operator includes the respective phenomena that occur during wave

propagation, such as energy flux along ray tubes, focusing, attenua-
tion, transmission losses, diffraction, etc. The propagation effects
are usually compensated for through dedicated preprocessing of

the AVO data.
The reflectivity function widely exploited in conventional AVO

inversion is based on linearizations of the plane-wave reflection

coefficient (PWRC) given by the Zoeppritz equations (Aki and

Richards, 2002; Shuey, 1985). An underlying assumption is that the

contrast in the seismic parameters across the reflecting interface is

weak and the incidence angle is small. This limits the applicability

of an AVO inversion to pre-critical offsets. The growing industry

interest in reservoirs with strong-contrast interfaces (salt domes,

heavy oil fields, basalts, etc.) and increased offset ranges in seismic
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acquisition led to increased interest in near-critical and post-critical

reflections in the data. These are associated with rapid amplitude

variations and cannot be described by the linearized plane-wave

reflection coefficients. Conventional approaches to AVO inversion

cannot be applied in such circumstances. However, there is a

potential for enhancing the accuracy of AVO inversion by incorpor-

ating and exploiting the near-critical and post-critical offsets.
Riedel and Theilen (2001) and Downton and Ursenbach (2006)

were among the first authors to realize the power of long-offset
AVO inversion. They exploited the exact Zoeppritz equations to
describe the AVO data and showed that they are inadequate at long
offsets. The main reason is that the respective equations honor the
plane incident waves, when the original AVO data is caused by the
nonplane waves and contains head waves.

van der Baan and Smit (2006) suggested to exploit the T — p

transform to reduce the original AVO data to the plane-wave do-
main, where the constituting plane waves can be correctly described
by PWRCs for small incidence angles. Although this has proven to
enhance the quality of AVO inversion, the approach is limited to

near-critical offsets and is prone to data sampling issues.
Because a typical seismic source emits a wave which is almost

spherical and has finite frequency band, a qualitative and quantitative

improvement in AVO inversion can be achieved by incorporating the
Fresnel volume, which surrounds the reflected ray (Favretto-Cristini
el al., 2009). This will automatically include the seismic frequency
range and capture the effect of transversal energy diffusion. It is also
natural to expect that the Fresnel zone surrounding the reflection point

has an equal ly strong impact on the reflection strength as the reflection
point itself. Cerveny (1961) and Brekhovskikh (1960) derived reflec-
tion coefficients that incorporate the Fresnel zone and are valid for
point sources and finite frequencies. Later, Ursenbach et al. (2007)
proposed the so-called spherical-wave reflection coefficients which
depend on the wavelet form and are valid only for homogeneous
media, plane reflectors, and spherical waves.

To generally describe the reflection of arbitrary waves at curved
reflectors in inhomogeneous media, De Santo (1983) and Kennett
( i 984) suggested the implicit local reflection and transmission
operators as numerical solutions for acoustic and elastic media.
Klem-Musatov et al. (2004) suggested a general rigorous reflection-
transmission theory for scalar waves at curved interfaces between
heterogeneous media. Later, Aizenberg et al. (2005) extended the
theory for acoustic waves. Based on their results, Ayzenberg et al.
(2007) and Ayzenberg et al. (2009) developed an explicit approx-
imate description of the reflection at curved interfaces in the form
of ERCs for acoustic and elastic waves.

Similarly to the spherical-wave reflection coefficients, ERCs
incorporate reflections from the interface points located inside the
Fresnel zone. ERCs relax the assumptions of plane wavefront and
locally plane reflecting interface implicit in PWRCs. ERCs thus
generalize PWRCs and the spherical-wave reflection coefficients
for curved reflectors, and are adequate within the seismic frequency
range. They capture the associated phenomena at the near-critical
and post-critical offsets. Moreover, they do not depend on the wa-
velet form, unlike the spherical-wave reflection coefficients.

In this paper, we introduce the background theory for the new
approach to long-offset AVO inversion based on ERCs. We test the
approach on synthetic data for a simple model, where two homo-
geneous elastic half-spaces are separated by a horizontal plane
interface. We propose to exploit two ways of extracting the ampli-

tudes from the data, which we refer to as the single-frequency and
the band-limited AVO data, and introduce their respective theore-
tical descriptions. We perform AVO inversion for different offset
ranges, and assess the performance of our approach at long offsets.
By comparing the results of our AVO inversion with the results
obtained from AVO inversion based on exact PWRCs, we demon-
strate the superiority of our inversion with increasing offset range.

The paper is divided in three parts. Part 1 introduces the statement
of the AVO inversion problem for long-offset data. We review ERCs
and discuss their properties in detail. Part 2 is devoted to the new
approach to AVO inversion based on ERCs. We study the impact of
the frequency content on AVO inversion. We then proceed to com-
paring the ERC-based and the PWRC-based AVO inversions. Part 3
demonstrates the advantages of performing a long-offset AVO in-
version on a synthetic PP data set for various offset ranges. In the
Discussion, we cover some aspects connected with the possibility to
exploit ERC-based AVO inversion in practice. In Appendix A, we
derive an approximation of the PP reflected wavefield at a receiver
in terms of the ERC.

DETERMINISTIC AVO INVERSION

We consider a deterministic AVO inversion approach which con-
sists of updating the model parameters through the minimization of
the misfit function between the observed AVO data and its theore-
tical description:

\ [AVOobs(x,,) -
min, (1)

where /4VO0(K(xM) is the observed AVO data, v4VOtheo(xn) repre-
sents the theoretical description of the observed AVO data, v is the
vector of required parameters, \(n = 1,2, . . . , N) are the receiver
coordinates, and N denotes the number of receivers. The dimension
of vector v is equal to the number of unknown parameters.

Extraction of the AVO data by picking the amplitude maximum
fails at long offsets because of the phase rotation which occurs at
the near-critical and post-critical offsets (Riedel and Theilen,
2001). Lavaud et al. (1999) showed that taking the rms value of
the reflected event in the fixed time window along the moveout is ap-
propriate to long-offset data because it is insensitive to the phase
changes.

Figure 1 shows the AVO data extracted from a 3D synthetic data
set computed using reflectivity modeling (Kennett, 1983). The
theoretical plane-wave description of this data is defined by

(2)

where RPP(0(xH).m) is the exact PWRC, xn is the receiver coordi-

nate, 0(xB) is the reflection angle, m = (^, ̂ , pjj-, ̂ ) is a dimen-

sionless parameter vector, as introduced by Petrashen (1957),

Lavaud et al. (1999), and Kurt (2007), p, and p2 are the densities
above and below the reflecting interface, Vpt and Vn are the

P-wave velocities, and V$i and ^sz are the S-wave velocities. We
observe a good match between the AVO data and the theoretical
description only at the pre-critical offsets. The deviation of the
plane-wave theoretical description from the AVO data becomes sub-
stantial at the near-critical and post-critical offsets. This is explained
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by the sphericity of the wavefront and the interference of the re-
flected and head waves near and beyond the critical incidence angle.
The dependence of the theoretical plane-wave description in
equation 2 on four dimensionless parameters allows unique recov-
ery of a maximum of four parameters, as stated by the Buckingham
pi-theorem (Bluman and Kumei, 1989).

A successful AVO inversion implies an adequate theoretical
description of the phenomena contained in the AVO data. One
way is to apply the i — p transform to the data and exploit AVO
inversion based on PWRCs (van der Baan and Smit, 2006). Another
way is to account for nonplanar wavefronts by exploiting other
reflection coefficients than PWRCs. ERCs represent an alternative
to PWRCs for waves generated by point sources (Ayzenberg et a!.,
2007, 2009).

Although ERCs are valid for curved interfaces and inhomoge-
neous media, we leave the general ERCs outside the scope of this
paper and consider only the particular case of plane interfaces. For a
particular case of spherical incident waves, plane reflectors and
homogeneous media, ERCs are similar to the spherical-wave reflec-
tion coefficients introduced by Ursenbach et al. (2007). The differ-
ence is that the former are defined at the interface and the latter are
defined at the receiver point. Moreover, ERCs do not depend on the
wavelet form, unlike the spherical-wave reflection coefficients. Tak-
ing into account the potential of extending ERCs to curved inter-
faces and arbitrary shapes of wavefronts, we exploit them to
introduce long-offset AVO inversion.

tangential components of the displacement vector. A general form
of the radius r*pp(sn) is introduced by Ayzenberg et al. (2007). For
plane interfaces between homogeneous media, r*pf(sn) reduces to
the distance /(sn) between the source and the reflection point.

The components of the dimensionless displacement vector have
the following form:

/•+

= ~ /
JO

C.m)-

where /?/>/>(£,m) is the exact PWRC, a(sn) = kpr*pp(sn) cos 6>(sn),
/?(s,,) = kprpf(sn)sin 0(sn), f is the horizontal component of the
unit P-wave ray vector in the overburden, and J0 and /, are the
Bessel functions of the zeroth and first orders. We observe that be-
cause of the plane-wave decomposition in equations 3 and 4, the
plane waves belonging to the Fresnel zone of the reflection point
contribute to the ERC in formula 3 at this reflection point. ERCs
thus represent a generalization of PWRCs for waves with the wa-
vefronts other than plane.

In contrast to PWRC, equations 3 and 4 depend on an additional

dimensionless argument kpr^,p(sn) = ""iT a^r^'to)' wnere ^o 's

the dominant frequency. The argument is a hyperbolic function
of offset and has a minimum at zero offset. It describes the

ERCs for PP-waves

The PP-wave ERC for a horizontal plane interface between two
homogeneous elastic half-spaces is defined as (Ayzenberg et al.,
2009):

/ n o r m (S»)

where s,, = (.V|,,.,«2,,) is the reflection point, kf ~ <u/Vfl is the wa-
venumber in the overburden, rj^,(s,,) is the apparent radius of the
wavefront at the reflection point, #(s(1) is the incidence angle, and

"Wnorm^ and />/> ti me dimensionless normal and
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Figure I. AVO data and its theoretical description based on the
PWRC.

a)

0.8

0.4

0.0
20 40

Angle (degrees)

b)

90

180

60

20 40

Angle (degrees)

60

Figure 2. ERC as function on the incidence angle for
A>rJ,(0) = 402 (High) and kprp(0) = 25 (Low): (a) Amplitude;
(b) Phase. PWRC is shown for comparison.
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frequency and wavefront curvature dependence of the ERC.

Depending on the value of kp>-*pp(0), we distinguish three domains:

a near-field domain (<1), a transition zone (1-10), and a far-field

domain (> 10). Assuming a seismic frequency range of 8-60 Hz, an

interface depth range of 1-4 km, and P-wave velocity in the over-

burden of 2 km/s. we estimate that kprpp(Q) at zero offset changes

from 25 to 750. The values of kprpp(sn) increase with increasing

offset.

Figure 2 shows the effect of kpr*pp(sn) on the amplitude and

phase of the ERC. The P-wave velocities in upper and lower layers

are 2.0 km/s and 2.8 km/s, the values of kpr"p(Q) are 25 and 400,

which are equivalent to interface depths of 1 km and frequencies of
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Figure 3. (a) Difference in sensitivity curves between the ERC and the PWRC; (b) zoom of (a) for an angle range of 0°-30°. Each panel shows
the sensitivity to one parameter, while the rest of the parameters are set to the true model parameters. The ERC is calculated for frequencies 8,
32, and 128 Hz and an interface depth of 1 km.
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8 and 128 Hz or frequency of 32 Hz and interface depths of 240 m

and 4 km. Comparison of the ERC with the corresponding PWRC

shows that the frequency and wavefront curvature affects the am-

plitude and phase of the ERC mostly at the near-critical and post-

critical offsets. Although kprpf(0) belongs to the far-field domain,

we still observe its effect at the pre-critical offsets, where the phase

deviates from zero. The difference between the ERC and the PWRC

decreases for larger kpfpp (0), which is equivalent to higher frequen-

cies or smaller wavefront curvatures. However, the ERC will still

oscillate in the post-critical domain even for unrealistically large

values of A>r^,(0). ERCs describe the interference between the re-

flected and head wave around the critical angle, and are thus con-

venient for AVO inversion in the interference domain.

Argument kprp,,(nn) depends on the velocity, frequency, and

wavefront curvature. It is therefore impossible to discriminate be-

tween the three parameters in the absence of additional information.

To illustrate the sensitivity of ERCs and PWRCs to the model

parameters, we compute their normalized partial derivatives for a

model with the following parameters; VPi = 2000 m/s, Vs: =

l l O O m / s , p\ 1800 kg/m' in the overburden and VK =

2800 m/s, Ks;, = 1600 m/s, p2 = 2100 kg/m3 in the underbur-

den. The differences between the normalized derivatives of the

ERC calculated for an interface at a depth of I km and frequencies

of 8, 32. and 128 Hz, and the corresponding PWRC, are plotted in

Figure 3. Figure 3a predicts a high sensitivity at the near-critical and

post-critical offsets. Each panel represents the change in one param-

eter, while the other parameters are set to the true model parameters.

A larger difference between the derivatives means a more accurate

estimate of the respective parameter. The highest sensitivity is

observed for the P-wave velocities. This confirms a common under-

standing that the P-wave velocity can be accurately inverted for. The

least accuracy is expected for densities. We notice also that the ERC

is more sensitive to the P-wave and S-wave velocities in the lower

layer than in the upper layer. The differences become smaller with

increasing frequency. Figure 3b is the zoom of Figure 3a at the pre-

critical offsets. We observe that the difference between the deriva-

tives of the ERC and PWRC is not zero, and increases with decreas-

ing frequency, which indicates that the results of the ERC-

based and the PWRC-based AVO inversion will be different even

at the pre-critical offsets. We observe a generally higher sensitivity

of the ERC to the P-wave velocities, while the sensitivity to the

other parameters is somewhat lower.

According to the Buckingham pi-theorem (Bluman and Kumei,

1989), we can theoretically recover five parameters from an ERC-

based AVO inversion, because ERC depends on five dimensionless

parameters £», ^Ei, !•**•, --p-, "^"ff^ '. Assuming the dominant fre-' li,' Vn' V p , ' Vn' Vn &
quency and the r',,p(0) in last parameter to be known, we can de-

couple and resolve all four velocities Vpi, VS), Vpj, VS2. Densities

can be decoupled only if one of them is available.

LONG-OFFSET AVO INVERSION

Approximate description of a single reflection
at the receiver

Ayzenberg et al. (2009) have shown that the reflected seismic

wavefield at a curved interface can be approximately described

in terms of ERCs. Skopintseva et al. (2007) have numerically ver-

ified that the P-wave reflected at a plane interface can be described

in terms of ERCs both at the interface and at the receiver. We derive

a seismic frequency approximation of the reflected P-wave at the

receiver in terms of the ERC and show that it has a form convenient

for AVO studies (Appendix A):

(5)

where /Pp[x,,,ai] =^w[0(xB),Jt /,r^p(xH),m] is the ERC defined at

the receiver, /(xn) = /(xn,sn) + /(SB) is the distance between the

source and receiver xn along the ray, /(XB,S,,) is the distance

between the reflection point and the receiver, /(sn) is the distance

between the source and the reflection point, J/>/>(xn) = [/(x,,)]2 is

the geometrical spreading of the reflected P-wave, S(a>) is the

wavelet spectrum, and epp(xn) is the polarization vector of the re-

flected P-wave. Equation 5 resembles the wavefield representation

from asymptotic ray theory, where the PWRC is substituted by the

ERC at the receiver. Extrapolation of the ERC from the interface to

the receiver is performed with help of the relation r*pf(xn) =

(6)

Equation 5 in the time domain has the following form:

UpP(x,.t) s-—

where Uj>/>(x,,,f) = (UfPX(x.n.t).Q. Uppz(\,,,t)) is the displace-

ment vector, and e/>p(xn) = (sin 0(xB),0, cos 0(xB)) is the polari-

zation vector.

Band-limited AVO data and its theoretical description

We further consider the preprocessed AVO data, where the geo-

metrical spreading is removed:

VPP(xn,t) =

(7)

Based on the property UpP(xB. -n>) = Upp(x,,, +01) of the spectrum

of a real function, we write Parseval's theorem for the reflected

wavefield UpP(xB,r) and its spectrum UpP(xB,o>) (Korn and Korn,

1968):

/

°° - i f °
{Uppj(*n-t)Ydt = 2 /

oo JO
xn,<o)do>. (8)

where the bar denotes a complex conjugation, j = X, Z for the

X- and Z-components of the reflected wavefield U/.p(xn,<) =

(£Wx(x«- f)'0- Uppz(x»,t))- The left part of the equation repre-
sents the squared rms value over an infinite time window. We

define a finite time window [r, (xn). ̂ (xn)] which follows the move-

out of the reflected event. Substituting equation 5 and 7 to 8, we

represent the rms amplitudes for the X- and Z-components of

the reflected wavefield though the ERC:

[(/„,/*,,.

Equation 9 incorporates all ERCs whose frequencies are within

the frequency range [r»m-m, o)max]. Moreover, the ERCs are weighted
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with the amplitude spectrum of the wavelet. Figure 4 shows the
effect of weighting for three randomly chosen frequencies of the
wavelet. We observe that the main contribution is obtained from
the ERC calculated for the dominant frequency n)0. The ERCs
for the neighboring frequencies affect only the oscillations at the
post-critical angles. The oscillations are suppressed when a wider
frequency range is involved in the weighting.

The factor \/2/Vpl in equation 9 does not depend on the offset

and can be eliminated through a normalizing procedure over the full
offset range. Applying the normalizing procedure to the left and
right parts of equation 9, we obtain the AVO data and its corre-
sponding theoretical description:

(10)

(11)

where U f P ( x n ) = \/U'ppx(x>,) + &'ppz(Xn) K tne magnitude of the
displacement vector. In this case, AVO^^x,,) does not require

computation of the polarization vector.
We note that the theoretical description of the AVO data in

equations 10 and 11 requires knowledge about the wavelet spectrum
S(a>). We find the X- and Z-components of the power spectrum of
the reflected wavefield in terms of the wavelet spectrum from
equations 5 and 7:

= ™ |̂S(*
"PI

(12)

where j = X, Z for the X- and Z-components of the reflected
P-wave. Based on these equations, AVO inversion can be performed

on either component of the reflected P-wave data. If both compo-
nents are available, equations 10 can be represented as

where/' = X, Z and uw(x,,,eu) = (uppX(x.H,ai),Q,uPn(x.n,a))).

Figure 5 demonstrates the frequency dependence of the ERC
magnitude for three chosen offsets corresponding to pre-critical,
near-critical, and post-critical domains. We observe that the ERC
weakly depends on the frequency at the pre-critical offsets, while

the frequency dependence becomes more promi-
nent at the near-critical and post-critical offsets.
We can therefore exploit the power spectrum
\S°(xpK,a>)\t any pre-critical offset in equa-

tions 10 and 12 instead of the wavelet spectrum

|5(w)|. This does not affect the result because
of the following relationship

Figure 4. A scheme explaining the process of computing the theoretical description
of the band-limited AVO data. From left to right: ERCs for three different frequen-
cies, amplitude spectrum of the source wavelet, and the result after weighting and
averaging.

; C\S(a>)\. (13)
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Figure 5. ERC as function of frequency for pre-critical, near-
critical, and post-critical offsets.

where C is a constant which is eliminated through
a normalization procedure. The power spectrum

of the data can only serve as a proxy for the spectrum of the wavelet
if there is no significant frequency dependence in the ERC at the
pre-critical offsets. This may be not the case in attenuative media.

Because the considered AVO data includes all frequencies
present in the reflected wavefield, we refer to AVO^,s(x.n) and

/4V0D,Co(x,,) as the band-limited AVO data and its theoretical
description, respectively.

Single-frequency AVO data and its theoretical
representation

An alternative way to obtain AVO data from the surface seismic
data is based on equation 12. Applying the normalization procedure
to the left and right parts of equation 12, we obtain the representa-

tion of the AVO data for each component of the reflected wavefield
and their theoretical description in the frequency domain:
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^= I Y "P'V (

(14)

Similarly to equation 11, equation 14 can be rewritten in terms of
displacements upp(\,,.a>) = \/i4J,fx(x,,.(i)) + Up />z(xn .<u) in the
frequency domain:

AVOobs(x,,,0j)=.

AVO,heo(x,,.o,)= (15)

AVO data from equations 14 and 15 can be obtained for an arbitrary

frequency within the range [ftimjn.«Jmax]. This gives us the freedom
to extract AVO data from the reflected wavefield for particular fre-
quencies. The theoretical description of AVO data is simpler, as it
does not require any knowledge about the wavelet spectrum. It can
be interpreted as a normalized ERC. The absence of integration al-
lows to reduce the computational cost of the AVO inversion.

We refer to AVOu^(\.<»} and AVOttKO(\,ta) as the single-
frequency AVO data and its theoretical description.

offset to 1246 at offset 5000 m, respectively. The argument
kpr*pf(\) at dominant frequency of 39 Hz changes from 245 to
784 at zero and maximum offsets, respectively.

The seismogram of the Z-component obtained by reflectivity
modeling is shown in Figure 6a. We observe a significant amplitude
increase at the offsets above 2000 m. A weak head wave is present
on the seismogram and separates from the reflected wave at long
offsets. The amplitude of the wavelet spectrum is shown in

Figure 6b.

A VO data and its theoretical representation

To obtain the band-limited AVO data, we apply the first equation
in 11 to the X- and Z-components of the data compensated for the
geometrical spreading.

To obtain the single-frequency AVO data, we apply the temporal

Fourier transform to the X- and Z-components of the seismogram
corrected for the geometrical spreading and use the first equation in

15. Figure 7 shows the single-frequency AVO data for all frequen-
cies contained in the wavelet spectrum. The effect of the critical

angle becomes prominent for the offsets above 2000 m. The rapid
oscillations at the post-critical offsets are explained by the interfer-
ence of the reflected and head waves. Moreover, we observe that the
position of the amplitude maximum at the post-critical offsets

depends on the frequency and tends to the critical offset with
increasing frequency, while the amplitude at the pre-critical offsets
is close to being frequency-independent.

AVO INVERSION OF LONG-OFFSET

SYNTHETIC DATA

To test the described AVO inversion approach, we use 3D long-
offset synthetic PP data obtained from elastic reflectivity modeling.
The tests are carried out for two models with a flat horizontal inter-
face between two homogeneous isotropic half-spaces. We generate
the seismograms for the X- and Z-components. For simplicity we
consider common-shot gathers, which in the case of a plane inter-
face are equivalent to CDP gathers with half the distance between
the source and the receivers. The source and receiver array are lo-
cated at the surface. The receiver sampling is 25 m.

We exploit an omnidirectional source with the wavelet S(t) =
-^ exp~((ll-''')/*|! s\n(2xft), where t is time and / = to/la is the
linear frequency. The wavelet has an amplitude spectrum S(f) with
a bell-like envelope, the frequencies ranging from /min = 3 Hz to

/max = 62 Hz, and a dominant linear frequency of 39 Hz.

Model 1

The first test is performed for an interface located I km below the
source. The upper half-space is described by .the parameters
Vp, = 20(X) m/s, VS1 = 1100 m/s, />, = 1800 kg/m3, and the
lower half-space is described by the parameters Vn —

28(X) m/s, VS2 = I6(X) m/s, />, = 2100 kg/nr'. The critical angle
for this model is equal to 45.6°, and the critical offset is
xlT = 2041 m. The offsets vary from 0 to 5000 in and cover
pre-critical, near-critical, and post-critical reflections.The value of
argument kpr'PI,(iin) at minimal frequency 3 Hz changes from 18
at zero offset to 60 at offset 5(XX) m, respectively. The value of this
argument at maximal frequency 60 Hz changes from 584 at zero
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1.0

1.5

2.0
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2000 4000

20 40 60
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Figure 6. (a) Z-component of the reflected P-wave obtained from
the reflectivity modeling; (b) Wavelet spectrum.
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Figure 8 shows the slice of the single-frequency AVO data for a

frequency of 32 Hz, the band-limited AVO data, and the corre-

sponding theoretical descriptions calculated for the true model

parameters. The ERC-based theoretical descriptions are obtained

from the second equations in 15 and 11. In equation 15, we assume

that the wavelet spectrum \S(oj)\s unknown and use the amplitude

2000

Offset (m)

Figure 7. Single-frequency AVO data.
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Figure 8. AVO data and their theoretical descriptions calculated for
the true model parameters, (a) Single-frequency AVO data for
32 Hz (circles), ERC-based single-frequency theoretical description
for 32 Hz (solid line), and PWRC-based theoretical description
(dashed line); (b) Band-limited AVO data (circles), ERC-based
hand-limited theoretical description (solid line), and PWRC-based
theoretical description (dashed line).

spectrum |So(xpre,a>)| from the data at a pre-critical offset of

1500 m. We show also the PWRC-based theoretical description

(equation 2) for comparison.

The single-frequency AVO data exhibit strong oscillations at the

post-critical offsets, whereas such oscillations are absent in the

band-limited AVO data because of the averaging over frequencies,

as illustrated in Figure 4. The ERC-based theoretical description

resembles the AVO data at all offsets, whereas the PWRC-based

description coincides with the AVO data only at the pre-critical off-

sets, and substantially deviates from it at the near-critical and post-

critical offsets. Based on this observation, we may expect that the

PWRC-based inversion will produce similar level of errors in para-

meter estimates to the ERC-based inversion at pre-critical offsets.

At the same time, we expect a different behavior of errors with off-

set due to kprpp(nn), which enhances the sensitivity of the ERC to

media parameters compared to the PWRC. We may expect that the

ERC-based inversion will outperform the PWRC-based inversion at

the near-critical and post-critical offsets.

Analysis of the objective /Unctions

We examine the shape of the objective functions to understand

the potential of the ERC-based and PWRC-based AVO inversions

for parameter recovery at different offset ranges.

Figure 9 shows 2D crossplots of the objective function F(v)

(equation 1), where we vary only two parameters while the rest

are set to the true model parameters. The deviation of varying para-

meters from their true value is ±20%. The first two columns repre-

sent maps of F(Vpi.pi) and f(VS2.pi) computed from the

ERC-based band-limited AVO data and the band-limited theoretical

description. The last two columns show the same maps computed

from the single-frequency AVO data and its ERC-based theoretical

description (equation 15). The first row represents the maps com-

puted for the pre-critical offset range 0-1500 m (0°—36°), whereas

the second one shows the maps computed for the full offset range

0-5000 m (0°-68°). The circles denote the minimum of the objec-

tive function, while the squares indicate the true model parameters.

We observe that the behavior of the objective functions is differ-

ent for the pre-critical and the full offset ranges. The objective func-

tion does not have well-defined minima for the pre-critical offset

range, whereas they become more isometric with increasing offset

range. This is explained by the different sensitivity of the ERC to

parameters at different offsets ranges. Stronger amplitudes at long

offsets contribute more to the objective functions. We observe also

that all the functions are most uncertain in the p\ This

may result in higher uncertainties of the density estimates.

The objective functions are V-shaped and stretched in the />,-

direction for the pre-critical offsets. The minima of the objective

functions coincide with the true model parameters on almost all

the maps, except for the F(V?\,p\) for the single-frequency

AVO data, where the deviation in the VP|-direction is less than

in the p\. This can probably be explained by the computa-

tional errors in the data at short offsets. We do not observe signifi-

cant deviations for the band-limited case because the band-limited

theoretical data A V0tt,m is more robust to the computational errors

because of averaging over frequencies. Such behavior of the objec-

tive functions and the deviation of the minima may lead to unstable

inversion results at the pre-critical offsets. We also expect more

accurate results from the band-limited AVO inversion than from

the single-frequency AVO inversion. The objective functions for
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the ful l offset range exhibit a good fit between the minima of the
objective functions and the true model parameters. We therefore

claim that the near-critical and post-critical offsets will increase
the accuracy of parameter estimation.

We additionally analyze maps of the objective functions

F(VP | . /) |) and /r(V /S2./)|) evaluated using the PWRC-based theo-
retical description instead of the band-limited and single-frequency
descriptions (Figure 10). The deviation of varying parameters from

their true value is ±40%. In this case, we observe a more complex
behavior of the objective functions than those in Figure 9. The mis-

tits between the minima of the objective functions and the true
model parameters at the pre-critical offsets are explained by the

wavefront curvature present in the data, while it is not accounted
tor in the PWRC-based theoretical description. This will lead to less
accurate parameter estimates. We observe also that incorporation of

the near-critical and post-critical offsets does not improve the
shapes of the objective functions. There are still significant devia-
tions of the positions of the minima from the true model parameters.

Figure I I compares the ERC-based and the

PWRC-based ID objective functions for band-
limited AVO data in the vicinity of their mini-
mum. The computation is carried out for a

pre-critical offset range of 0—1500 m. Despite (

the fact that the amplitudes of the ERC and the

PWRC are almost equal, we observe that the
PWRC-based objective function is asymmetric

and its minimum is shifted from the true value.
This confirms that the ERC-based and the
PWRC-based AVO inversions wil l perform dif-

ferently even at the pre-critical offsets. ,

AVO inversion result*

inversion, where we invert for the five-parameter vector

v = ( V p i - V S | , Vf>2-Vs2-Pi) assuming the density p2 in the under-
burden to be known. The inversion results are plotted as functions of

the offset range. As expected, we see that increase in the offset range
generally improves the inversion results. All the parameters are es-

timated more accurately when the post-critical offsets are involved
in the inversion. The best accuracy is achieved for the P-wave

velocities and the density pt, while the S-wave velocities are less
accurate. At pre-critical offset ranges (until 2000 m). the S-wave

velocity and P-wave velocity in the underbidden and density are
estimated better than the other two parameters. The accuracy of

VP2 is higher than the accuracy of VP, at the pre-critical offsets,
whereas the accuracy of their estimates is approximately the same

at the post-critical offsets.
We illustrate the sensitivity of the objective function for the

single-frequency AVO inversion to the model parameters by

showing its normalized derivatives at different offset ranges
(Figure 13). A larger derivative is associated with a better estimate

To include post-critical offsets in the inversion,
we use the exact reflection coefficients (ERCs or

PWRCs). which imply nonlinear inversion meth-
ods. Among the existing optimization methods,
we chose the nonlinear optimization method of

Nelder-Mead for minimizing the objective func-
tion in equation I (Himmelblau. 1972). The
method is computationally simple and effective,
because it does not require calculation of partial

derivatives. However, we need to provide an in-
itial guess for the estimated parameters. A good
starting model ensures fast convergence of the

inversion to the final result. An initial guess is
typically obtained from the low-frequency
velocity trends and rock-physical relationships.
In our case the objective function has only one

minimum tor the parameter deviation wi th in
20%. The ini t ia l guess can therefore belong to
this range.

We carried out AVO inversion for offset

ranges varying from 0 to 250 m to 0-5000 m
with an increment of 250 m. We allowed for a
20% variation in the estimated parameters. The

init ial guess deviates by 15% from the true
model parameters. Figure 12 illustrates the re-
sults of the single-frequency ERC-based AVO

Band-limited AVO data (0 - 1500 m) Single-frequency AVO data (0 - 1500 m)

1.4 1.6 1.8
Vs.,

Band-limited AVO data (0 - 5000 m)
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1.8 2 2.2
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Single-frequency AVO data (0 - 5000 m)

0.2 0.4 0.6 0.8

Figure 9. Cross sections of the ERC-based objective functions. The band-limited and
single-frequency theoretical descriptions are used for evaluation of the band-limited and
single-frequency AVO data. Squares denote true model parameters and circles denote
minima of the objective functions.
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Figure 10. Cross sections of the PWRC-based objective functions. The PWRC-based
theoretical description is used for evaluation of the band-limited and single-frequency
AVO data. Squares denote true model parameters and circles denote minima of the
objective functions.
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of the inverted parameter. We observe that the derivatives with

respect to VS2 and VP2 at short offset ranges forecast an accurate

estimate of these parameters. The rapid increase of the derivative

with respect to VPl and VP2 at the near-critical and post-critical

offsets confirms the ability of the inversion to resolve the P-wave

velocities better than other parameters. The sensitivity to the

densities becomes larger than the sensitivity to VSi when the

1.58 1.6 1.62 1.8

P,

1.85

• ERC PWRC

Figure 1 1 . ID cross sections of the objective functions based on
PWRC. The objective functions are calculated for the band-limited
critical offset range (0-1500 m).

the ERC and the
AVO data at pre-

0)
er
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Figure 12. Relative errors in the five-parameter single-frequency
(32 Hz) ERC-based AVO inversion for Model 1 as function of offset
range.

120
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Figure 13. Normalized derivatives of the single-frequency ERC-
btised objective function with respect to the model parameters
for different offset ranges. A higher value of the derivative with
respect to a parameter corresponds to a higher sensitivity of the
objective function to this parameter.

post-critical offsets are included in the computation. This indicates

that the post-critical offsets contain additional information about the

densities. These observations correlate well with the inversion re-

sults in Figure 12.

We additionally observe a zone between 2000-3000 m, where the

relative behavior between the derivative curves changes and the ob-

jective function is almost equally sensitive to both P-wave veloci-

ties. This area corresponds to a local drop in the

quality of estimated parameters (Figure 12). We

observe that in this particular interval there is a

strong correlation between the sensitivities to the

two P-wave velocities. Although the Bucking-

ham pi-theorem states that five parameters can

be retrieved from the ERC-based inversion, the

uniqueness of the five-parameter inversion for

this particular interval is questionable and

requires further study. Figure 13 explains some

of the inversion results. However, it does not pro-

vide a full picture, because a nonlinear inversion

is a nontrivial search for the minimum of a multi-

dimensional objective function.

To demonstrate the improvement in the results

obtained from the ERC-based AVO inversion, we compare it with

the PWRC-based AVO inversion. We perform four-parameter

inversions because the PWRC-based AVO inversion allows recov-

ery of only four parameters (Lavaud et al.. 1999). We assume Vn

and p2 to be known and recover the parameter vector

v = (Vp|, VS1,/>|, VS2). Figure 14 illustrates the results of the

four-parameter ERC-based AVO inversion as a function of the off-

set range. Figure 14a and 14b corresponds to the single-frequency

and the band-limited AVO inversions. We observe that in both cases

the accuracy of parameter estimation generally increases with in-

creasing offset range. The results obtained at the pre-critical offset

ranges are least accurate and least stable, in particular because of the

short offsets and numerical errors. When proceeding from the

pre-critical offsets to the near-critical offsets, the accuracy of all es-

timated parameters increases. We observe an increase in the error in

the estimated S-wave velocities an offset range of 2000-3000 m.

The effect weakens outside this zone. This is well correlated with

the local minima and maxima observed in Figure 13. The P-wave

velocity estimate appears to be most accurate and robust at the near-

critical and post-critical offsets. The estimated S-wave velocities ex-

hibit similar trends, but a somewhat lower accuracy. The lowest ac-

curacy is achieved for the S-wave velocity VSI in the overburden.

The density estimates appear to be surprisingly good, in particular

when the near-critical and post-critical offsets are included in the

inversion.

Taking into account that the synthetic data contain numerical

errors, we obtain an insight into the sensitivity of the ERC-based

AVO inversion to the irregular noise. We observe from Figure 14a

and 14b that the errors in the single-frequency AVO inversion at the

pre-critical offsets are larger than those for the band-limited AVO

inversion. It indicates that the latter inversion is more robust to

irregular noise than the former. However, the band-limited AVO

inversion implies an increase in the computational cost because

of averaging over frequencies. The single-frequency AVO inver-

sion, on the contrary, is faster and less accurate.

Figure 15 shows the inversion results obtained from the

PWRC-based AVO inversion. Figure 15a and 15b corresponds to

119 I'2r> Redistribution subject to SEG license or copyright: see Terms of Use at http /isegd! org/
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the single-frequency and the band-limited AVO inversions. We
observe that the PWRC-based AVO inversion generally produces
less accurate results than the ERC-based AVO inversion. Despite
the similarities between the ERC and the PWRC at the pre-critical
offsets, we observe different behaviors of the relative errors in
parameters estimates. The range of errors for both inversions varies
between 2% and 12%. The differences are explained by the different
sensitivities of the reflection coefficients to the parameters because
of the additional argument kpr*pp(\). This explanation is supported
by the shapes of the objective functions and the sensitivity study.
We observe an abrupt decrease in the accuracy of all estimated
parameters at the near-critical offsets. This is explained by a strong
inconsistency of the plane-wave description to the AVO data at the
near-critical offsets. Whenever the post-critical offsets are involved
in the inversion, the error curves become flat. This indicates that

increase in the offset range will not improve the quality of estimated
parameters. We note also that the S-wave velocity in the overburden
is least accurately estimated, regardless of the offset range. We sus-
pect that S-wave velocities are more sensitive to errors at post-
critical offsets than other parameters. Although multicomponent
seismics continue to increase in popularity, single-component data
is still widely acquired in the industry. We therefore provide the
AVO inversion results obtained from only from the Z-component
(Figure 16). We exploit equations 12 and perform the ERC-based
band-limited AVO inversion. We observe that the accuracy of the

parameter estimates decreases, especially at the near-critical and

post-critical offsets.
The reason for a decreased accuracy is the approximation in the

polarization vector of the reflected P-wave, which causes larger er-
rors with increasing offset range. This consequently causes a shift in
the minimum of the objective function. The error curves at the pre-
critical offsets resemble those for the 2C AVO inversion, however,
they are nearly constant at the near-critical and post-critical offsets.

Although the accuracy of the P-wave velocity estimation remains
high, the errors in VS2 and p\e to 8% and 3%, respectively.

The S-wave velocity Vsl in the upper layer is not resolved, because
the error exceeds the 20% limit used as a starting point for the in-
version. The accuracy curves show qualitatively the same behavior
as the accuracy curves in Figure 13. A comparison of the 1C ERC-
based and PWRC-based AVO inversions shows that the former

outperforms the latter.

Model 2

To illustrate the validity of the ERC-based AVO inversion, we
perform an additional test on a model with two critical angles.
An interface located 0.5 km below the source separates the

two half-spaces with the parameters VP, = 1300 m/s, VS] =

800 m/s, and p\ 1800 kg/m' in the overburden, and
Vn - 2400 m/s, VS2 = 1700 m/s, and p2 = 2100 kg/m3 in the

V _,«•'.
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Figure 14. Relative errors in the four-parameter AVO inversion as
function of the offset range for Model 1. (a) ERC-based single-
frequency AVO inversion for 32 Hz; (b) ERC-based band-limited
AVO inversion.
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Figure 15. Relative error in the four-parameter AVO inversion
as function of the offset range for Model 1. (a) PWRC-based
single-frequency AVO inversion for 32 Hz; (b) PWRC-based
band-limited AVO inversion.
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underbidden. The first critical angle f)K,\ 32,8° (corresponding to

a critical distance of .^rt = 644 m) generates a PPP-type head

wave. The second critical angle 6>cr| = 49.9° (corresponding to a

critical distance of .vc,.j = 1187 m) creates a converted PSP-type

head wave. The receiver offsets vary from 0 to 2500 m and cover

the pre-critical, near-critical and post-critical reflections. The value

of argument A>»*J,p(xB) at minimal frequency 3 Hz varies from 14 at

zero offset to 38 at offset 25(K) in. The value of this argument at

maximal frequency 60 Hz varies from 299 at zero offset to 779

at offset 25(X) in. The value of this argument at dominant frequency

of 39 Hz changes from 188 to 490 at zero and maximum offsets,

respectively.

Figure 17 presents the band-limited AVO data and its ERC-based

and PWRC-based theoretical descriptions. The behavior of the AVO

data is more complex than that for Model 1. The first maximum in

the AVO data is associated with the PPP-type head wave arrival,

while the second maximum corresponds to the PSP-type head wave.

Despite the complexity of the AVO data, the ERC-based theoretical

description exhibits a good fit to the AVO data, while the PWRC-

based description substantially deviates from it.

Figure 18a and 1 Kb shows the results of the four-parameter band-

limited ERC-based and PWRC-based AVO inversions. The results

generally resemble those obtained for Model 1 (Figure 14b), but the

overall accuracy is almost twice as high. We suspect this is

explained by the presence of an additional critical point which

increases the sensitivity of the theoretical description to all the

parameters. The PWRC-based AVO inversion produces relatively

poor results for the offsets below the second critical point and

almost constant errors behind the second critical point. While

the accuracy of the estimated Vs2 increases considerably, V$i is still

undefined.

DISCUSSION

We show that the ERC-based AVO inversion greatly improves the

accuracy of estimated parameters as compared to the PWRC-based

AVO inversion. The improvement is especially apparent when

the near-critical and post-critical offsets come into play. This is

explained by the wavefront curvature effect, which is captured

by the ERC and ignored by the PWRC. We show also that incor-

poration of several frequencies rather than one enhances the accu-

racy of the ERC-based AVO inversion.

Although a significant improvement is observed when switching

from the PWRC-based AVO inversion to the ERC-based AVO

inversion, the computational effort is greater. The ERC-based

AVO inversion, in particular the band-limited version of it, is CPU-

demanding. The computational cost of band-limited AVO inversion

2000 4000
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Figure 16. Relative error in the inversion results for the band-lim-
ited ERC-based AVO inversion of the Z-component AVO data.
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Figure 17. Band-limited AVO data for Model 2 and the corre-
sponding theoretical descriptions calculated for the true model
parameters.
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Figure 18. Relative error in the four-parameter AVO inversion
as function of the offset range for Model 2. (a) ERC-based band-
limited AVO inversion; (b) PWRC-based band-limited AVO
inversion.
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is 15 times higher than single-frequency AVO inversion, and it

exhibits a nonlinear dependency on the number of frequencies

involved in the inversion. There is therefore a trade-off between
the desired quality of the inversion and its computational cost.

The proposed approach and a conventional way of performing

AVO inversion in the industry are essentially different. A typical
setup for an inversion implies the application of a weak-contrast
plane-wave reflection coefficient, which is written in terms of

the contrasts in elastic parameters. Such an inversion will therefore

estimate the contrasts in the parameters across the reflecting inter-
face. We incorporate post-critical offsets and strong parameter con-

trasts across the interface. ERCs cannot be easily linearized in a

similar way as PWRCs. Our inversion therefore performs a some-

what broader task of estimating the absolute values of seismic para-
meters. We show that ERCs provide the possibility of defining five

absolute parameters, while PWRCs are capable of estimating only
four parameters.

In our tests, we recovered parameters both in the overburden and

the underburden, by assuming two parameters in the underburden to

be known. In principle, the ERC-based inversion allows retrieval

of five parameters. However, one needs to carefully choose the

estimated parameters, because the objective function may not be

equally sensitive to all the parameters, at least for some offset

ranges. The inversion does not in general allow recovering of the

densities independently. Nevertheless, we can recover the full set of

seismic parameters in the underburden if the density in the overbur-

den is known. It is also natural to perform a combination of a tra-

veltime inversion and an AVO inversion to improve the quality of

parameter estimation above and below the target interface. The only

information we may miss is the density estimate in the overburden.
We have shown examples of inverting multicomponent as well as

single-component synthetic data. We realize that multicomponent

data may not be available in the real-world tasks. However, we like

to illustrate the difference in the performance of the inversion work-

flow for both cases. As we show in our examples, the quality of the

inversion generally increases when we reconstruct the displacement

along the ray. The comparison of 1C ERC-based AVO inversion

with the multicomponent PWRC-based inversion shows that the

former is still better than the latter.
Given that in marine surveys we obtain scalar omnidirectional

pressure field, AVO data and its theoretical descriptions obey equa-

tions 1 1 and 15. We thus expect the inversion results to perform as

well as in case of a multicomponent inversion.
Our numerical tests are performed for one plane interface,

although the theory of ERCs can be extended for curved reflectors

and layered overburden. We concentrated on the simplest model of

one plane interface between two homogeneous half-spaces to
demonstrate that ERCs help to significantly enhance the inversion

performance. The initial results provide motivation for further

studies.
We have also avoided the topic of irregular noise in the data,

although some noise is brought in because of the numerical errors

of the modeling algorithm in the pre-critical domain. Systematic

noise, such as residual multiples, water-column noise, and ground-

roll, which might tune with the data at the post-critical offsets

(Landrtf and Tsvankin. 2007), deserve an additional study.
Last, but not least, is the issue ot quality of data processing prior

to performing the inversion. There are particular requirements

imposed on the processing sequence to condition the data for AVO

inversion. One of the steps in such a sequence oftentimes is true
amplitude imaging, which aims to remove the effects of wave
propagation through the overburden to obtain the true reflection
amplitudes at the target interfaces. The data after imaging become
more regular with a better S/N ratio. However, the existing imaging
algorithms assume that the interface is located in the far-field, and
do not account for the reflections near and beyond the critical angle.
In order to apply the ERC-based AVO inversion directly to imaged
data, we need more advanced imaging techniques, which account

for the wave phenomena associated with the critical angle. If the
migration algorithm could properly account for post-critical reflec-
tions, we could directly exploit ERCs defined at the interface. At the
current stage, we limit our work to nonimaged data. This issue
needs a further investigation.

CONCLUSIONS

We show that long-offset data can significantly improve the
performance of AVO inversion. It is, however, not enough to just
increase the offset range. An adequate theoretical description of the
observed AVO data is crucial for recovering the seismic parameters
at long offsets. We propose to use the ERC instead of the PWRC.
The ERC correctly describes the reflection of waves generated by

point source at all offsets.

The synthetic tests show that including the near-critical and post-
critical offsets in the AVO inversion based on PWRCs does not
improve its quality and decreases the accuracy of S-wave velocity
estimates in certain circumstances. Long-offset ranges increase the
accuracy of parameter estimates in the AVO inversion based on
ERCs. We achieve an error level of approximately 1% when includ-

ing a wide range of offsets.
One of the advantages of our approach is the ability to recover

five parameters because of the presence of the additional dimen-
sionless parameter °VJ? . Although the quality of the five-
parameter AVO inversion is somewhat lower than the quality of the

four-parameter inversion, it still recovers the desired parameters
with a high accuracy at the post-critical offsets.

Among the considered versions of the AVO inversion based on
ERCs, we found the band-limited inversion to perform the best. The

single-frequency AVO inversion produces, on average, less accurate
results.
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APPENDIX A

REFLECTED PP-WAVEFIELD AT THE RECEIVER

IN TERMS OF ERC

To theoretically describe the AVO data, we need to establish a
link between the reflected wavefield and the ERC. There are three
approaches to the description of the wavefields reflected from
plane interfaces between two homogeneous media (Cerveny and
Ravindra, 1971); a numerical representation, a local high-frequency
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asymptotic description, and a rigorous plane-wave decomposition.
The numerical representation is irrelevant for us since we seek an
analytical form of the solution. The high-frequency asymptotic
solution represents the reflected wave and the head wave around
the critical ray using the Weber-Hermite functions. This approxima-
tion does not describe the interference between the two waves at the
near-critical and post-critical offsets, and does not therefore fit our
purpose. We use the rigorous plane-wave decomposition and ex-
ploit the results of Ayzenberg et al. (2009) to introduce the reflected
wavefield at the receiver in terms of ERCs. We consider a model
with two homogeneous half-spaces separated by a horizontal plane
interface.

The interface is given by equation jc3 (jr, . jc2) = —h in the global
Cartesian system. We assume for simplicity that the source is lo-
cated at the origin (0, 0, 0), the receiver is placed on the same side
of the interface as the source, and it has coordinates x = (xt.x2,x^).

The reflected P-wavefield at the receiver can be represented by
the Kirehhoff propagation integral

UP,,(X.W) = I I PP(x,s,o))u/,P(s, o>)ds (A-l)

s

where the reflected P-wavefield at the interface is represented by the
convolutional reflection integral

uw,(s. (a) = — I I RPp(s - s', (a)n*p(s', <y)ds' =

(A-2)

uj,(s'.o)) = Hf,;>(s'. s. o>)u/>(s. a>); HPP(s', s, a>) is a matrix opera-
tor which transforms the polarization vector ep(s) at point s to
polarization vector e^fs') at point s'; u/>(s, to) is the incident P-
wavefield at point s of the interface; s' is a point in the Fresnel zone;

P/>(x, s,w) is the propagation operator, RPP(s',o>) is the reflection
operator, ds = ds\ds2, ds' = ds(ds!,. Wavefield u£(s',o>) can be
considered as the incident wave generated by the apparent source,
which is a mirror image of the actual source with respect to the inter-
face. The apparent source has coordinates (0,0, —2h). The wave-
field generated by the apparent source differs from actual
incident wavefield only by the polarization vector that coincides
with the polarization vector of the reflected wave.

The wave propagation process described by equation A-l is
sketched in Figure A- la. There are two different mechanisms for
energy propagation; the propagation along the ray tube, which
has been discussed in detail in ray theory (Cerveny. 2001) and the
energy diffusion across the ray tube (Klem-Musatov et al., 2008).
Figure A-lb illustrates reflection given by equation A-2. The
operator decomposes the incident wavefield to plane waves at every
point s of the interface, rotates the polarization vector with respect to
the interface normal, multiplies each plane-wave with the corre-
sponding PWRC, and then sums the obtained values at point s
of the interface. The reflected field obtained at point s includes the
contributions from all points s.

Substituting equation A- 1 to A-2, we obtain the four fold integral:

(A-3)

The integral in A-3 can be evaluated in the seismic frequency
range using ERCs (Ayzenberg et al., 2009). We rearrange the inte-
grals in A-3 to show this. It is known that for plane interfaces the
following is valid: P/>(x, s. o>) = P/>(x — s', s, o)). We thus obtain:

uPp(x, ID) = — I I Rpp(s'.<u)u*P(x - s', w)ds' (A-4)

a) where the vector integrand is represented by the propagation

integral

uj,(x - s1, m) = / / PP(x - s', s, «)up(s, w)ds

S

= I /PP(x,s,w)u>(s-s',w)ds. (A-5)

s

Exploiting the convolutional property for the reflection operator
and defining the new variable x' = x — s', we obtain:

UPP(X, a>) — — I I RPp(\- x', a))u*P(\'. m)d\'. (A-6)

Figure A-l . Scheme of (a) propagation and (b) reflection of the
wave generated by a point source.

X'

where x' represents a point in the Fresnel zone located at the
observation surface.

Equation A-6 says that the reflected wavefield at the receiver is
the convolution of the wavefield originating at the apparent source
and evaluated at the receiver, and the reflection operator defined at
the receiver.
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Within the seismic frequency range, the spherical-wave Up(x' , o>)

can be represented by the approximation:

where /(x') is the distance between the apparent source and point

x', S(n>) is the wavelet spectrum, kp is the wavenumber, VPt is the

P-wave velocity in the overburden, e/./> (x') is the polarization vector

at the receiver.

Substituting equation A-7 to equation A-6 and applying the ap-

proach proposed by Ayzenberg et al. (2009), we obtain the reflected

PP-wavefield in terms of ERCs:

U P F (X ,w) *Xpp[x..(a (A-8)
i' PI

where /W)[x,oj] = Xpp[0(x).kprPP(\).m] istheERC defined at the

receiver, /*J,p(x) is the apparent wavefront radius at the receiver, /(x)

is the distance between the apparent source and the receiver, and

JPP(X.) = [/(x)]2 is the geometrical spreading of the reflected PP-

wave. Equation A-8 was heuristically obtained and tested on syn-

thetic data modeled by the finite-difference method by Skopintseva

et al. (2008, 2000). It represents a seismic frequency approximation,

which is similar to high-frequency approximation, when the ERC is

replaced by the PWRC. However, the ERC takes into account the

interference between the reflected and the head waves in the near-

critical and the post-critical domains. For homogeneous media with

plane interfaces, we obtain: /(x) = /(s) + /(x. s), where /(s) is the

distance between the actual source and the reflection point, and

/(x.s) is the distance between the reflection point and the receiver.

From the definition of ERCs in media with plane interfaces, we

obtain that rpp(x) = /(x). The ERC at the receiver is thus different

from the one at the interface. The ERC at the interface is defined for

reflection angle 0(s) and apparent radius r*PP(s). The ERC at the

receiver depends on reflection angle 0(x) and apparent radius

r*pp(\). The position of amplitude maximum and the oscillations

at the post-critical offsets are different for the two ERCs. Indeed,

when the reflected wavefield propagates from the interface to the

receiver, the interference between the reflected wave and the head

wave changes because of the different nature of their propagation.

This causes the energy diffusion across ray tube during propagation

(Figure A-la). Quantity r'PP(\) controls the diffusion. Representing

the rfpp(f.) through r'pp(s), we find the link between the two ERCs:

(A-9)
/(s)
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